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DIFFEOLOGICAL COARSE MODULI SPACES OF STACKS OVER
MANIFOLDS
JORDAN WATTS AND SETH WOLBERT*
Abstract. We show that there is a functor from stacks over smooth manifolds to the
category of concrete sheaves of sets over manifolds that is the left adjoint of the Grothendieck
construction taking concrete sheaves to stacks. The category of concrete sheaves is known
to be equivalent to the category of diffeological spaces. With this perspective, the functor
sends each stack to its “underlying” diffeological coarse moduli space. Moreover, in the
case of a differentiable stack, we show that the underlying diffeology matches the quotient
diffeology on the orbit space of a representative Lie groupoid. As a consequence, the quotient
diffeology on the orbit space only depends on the isomorphism class of the stack.
As an application, we define differential forms for sheaves or stacks over manifolds and
show that this definition agrees with basic differential forms in the case of a differentiable
stack and de Rham differential forms in the case of a diffeology.
Keywords: diffeology, stack, concrete sheaf, Lie groupoid, geometric stack, differentiable
stack, coarse moduli space
AMS Subject Classification Numbers: 14D23, 58A99, 22A22
1. Introduction
The category of smooth manifolds lacks many structures that naturally arise in geometry.
Important examples include (critical) level sets of smooth real-valued functions and orbit
spaces of Lie group actions, among many others. Many categories extending the notion
of smoothness have been introduced to account for this deficiency; for example, that of
diffeological spaces, introduced by Souriau [19] (see Definition 2.2).
On the other hand, the language of stacks arose out of the need to better understand
orbit and moduli spaces (see, for example, [5]). Indeed, the quotient stack associated to a
compact Lie group action contains more information than the quotient topology, the ring
of smooth functions on the orbit space in the sense of Schwarz (see [18], [4]), or even the
associated diffeology. For example, consider SO(n) acting on Rn via rotations. The orbit
space is homeomorphic to [0,∞) for all n, and the rings of invariant functions for each n
are all isomorphic. The diffeology detects which n we started with (this is the “diffeological
dimension” at the singularity). However, the orbit space obtained from the action of SO(2n)
on R2n via rotations is diffeomorphic as a diffeological space to that obtained from the action
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of U(n) on the same space. The corresponding stacks, of course, are not isomorphic in these
examples.
The deficiencies of manifolds in modeling geometric structures has an effect on stacks over
manifolds as well. In the study of stacks over (compactly generated) topological spaces,
it has been noted (see [17], for instance) that any stack over a topological space admits
a natural coarse moduli space. This serves as a left adjoint to the Yoneda embedding of
topological spaces into stacks over topological spaces. Unfortunately, in the case of stacks
over manifolds, no such left adjoint exists. As noted by Hepworth in [7, Section 2], there are
examples of stacks for which no manifold coarse moduli space may be chosen.
A paper of Baez and Hoffnung [3] shows that the category of diffeological spaces is equiv-
alent to the category of so-called concrete sheaves over open subsets of Euclidean space with
smooth maps between them. A concrete sheaf is a sheaf of sets that not only encodes an
underlying set, but a family of maps that induces a diffeology on the set. Moreover, Baez
and Hoffnung show that the inclusion of concrete sheaves into all sheaves of sets has a left
adjoint functor called concretization κˆ : Shf(Man)→ CShf(Man), which sends every sheaf
of sets to its “underlying” concrete sheaf (or, equivalently, diffeology).
The purpose of this paper is to show that one can go even further, extending this rela-
tionship to stacks over manifolds (both differentiable and otherwise). In particular, there is
a functor Coarse : St(Man) → CShf(Man) from the category of stacks over manifolds
to the category of concrete sheaves, sending each stack to its diffeological coarse moduli
space. This is a left adjoint to
∫
: CShf(Man) → St(Man), the Grothendieck construction
taking concrete sheaves to stacks. Coarse is a 2-functor with respect to the 2-structure of
stacks and the degenerate 2-structure of concrete sheaves (i.e. that for which every 2-arrow
is trivial). This 2-functor factors through a functor πˆ0 : St(Man) → Shf(Man) called dis-
cretization, which sends each stack to an “underlying” sheaf of sets, before being concretized
in the sense described above. Coarse has the useful property of being “co-continuous” in
the sense that it sends (small) 2-colimits to (1-)colimits.
Since manifolds are a full subcategory of diffeological spaces they naturally form a full
subcategory of concrete sheaves. The Grothendieck construction embedding concrete sheaves
into stacks over manifolds restricted to this full subcategory corresponds exactly to the
Yoneda embedding of manifolds into stacks. In other words, for ι : Man→ CShf(Man) the
aforementioned embedding of manifolds into concrete sheaves,
∫
: CShf(Man) → St(Man)
the Grothendieck construction, and y : Man → St(Man) the Yoneda embedding, the
diagram:
CShf(Man)
∫
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
Man
ι
88qqqqqqqqqqq
y
// St(Man)
commutes. For this reason, we may properly think of
∫
: CShf(Man) → St(Man) as an
extension of the Yoneda embedding. As Coarse and
∫
form an adjunction, we recover a
result similar to that for topological stacks (hence, the name “diffeological coarse moduli
space” for the object Coarse(X ) for any stack X ).
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Coarse has interesting properties when restricted to differentiable stacks. IfG = (G1⇒G0)
is a Lie groupoid representing a differentiable stack X , we show that Coarse(X ) is (isomor-
phic to) the concrete sheaf associated to the quotient diffeology on G0/G1, the orbit space
of the groupoid. In the case where X = BG, the stack of right principal G-bundles, we show
that discretization (πˆ0) identifies principle G-bundles over each manifold that are locally
G-equivariantly bundle-diffeomorphic, and concretization (κˆ) further identifies such bundles
that are fiberwise G-equivariantly bundle-diffeomorphic.
This paper is organized as follows. Section 2 reviews diffeology and concrete sheaves,
and extends their categorical equivalence to concrete sheaves over manifolds (Lemma 2.9).
Section 3 reviews that the inclusion of concrete sheaves into sheaves of sets over manifolds
has a left adjoint functor (concretization), and that the inclusion of sheaves of sets into
stacks over manifolds (also called the Grothendieck construction) has a left adjoint functor
(discretization). Together, these left adjoints compose to form Coarse (see Definition 3.10
and Theorem 3.12). We prove that it is co-continuous in Theorem 3.14, in the sense that
it takes 2-colimits (more prevalently used in stacks) to colimits. In Section 4 we apply the
above theory to differentiable stacks, proving the three claims above and ending the section
with examples. In Section 5 we express the results on differential forms on Lie groupoids in
[21] and [11] in terms of the coarse functor, and extend these results to differential forms on
the corresponding discretized sheaves of sets (Theorem 5.6).
For more details on diffeological spaces, see [9]. For more details on stacks, see [6] and
[20], as well as [13] for a detailed description of the relation between Lie groupoids and
differentiable stacks. Coarse moduli spaces have been used in a variety of applications. For
example, for topological stacks, the topological coarse moduli space is used in [2] to develop
string topology for differentiable stacks over manifolds; in particular, the coarse moduli
space is used to find “hidden loops” in the loop space of a stack. In [15], the authors use
the topological coarse moduli space to extend the Kashiwara index formula from manifolds
to orbifolds. In [7] and [8], the underlying topological space of a stack (similar to but fun-
damentally different from a coarse moduli space) is used to develop morse theory and flows
of vector fields for stacks over manifolds. For more details on the topological coarse moduli
space, see [17]. For this paper, we do not focus on topology; however, we do make note that
the topology of the underlying topological space of a stack as defined by Hepworth in [7]
matches the so-called D-topology of the diffeological space corresponding to a diffeological
coarse moduli space (see Remark 3.15).
Prerequisites. This paper uses a lot of language from category theory. Besides the basics,
the reader is assumed to be familiar with the following. We give an intuitive idea of what
each of these objects are, but pinpoint an actual reference for a definition or statement. An
excellent resource for both intuition and definitions is the n-Category Cafe [16].
⋄ Given a category C, a coverage on C is a generalization of open covers in the topo-
logical sense. Essentially, it is a specification of the open covers of each object of
C satisfying some coherence conditions. See [10, A2.1.9] for a definition. A site is
a category equipped with a coverage. (Note that we do not require the underlying
category of a site to be small, whereas some references do.) We will be dealing with
the site of open subsets of Euclidean spaces with smooth maps as arrows (which is
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small), as well as the site of smooth manifolds (which includes the former category
as a dense “subsite” and so is essentially small). In both of these cases, the coverage
is given by usual open covers by open sets.
⋄ Given a category C, a presheaf of sets on C is a contravariant functor Cop → Set.
If C is a site, then a sheaf of sets is a presheaf of sets on C that obeys a “sheaf
condition” with respect to the coverage on C. See [10, A2.1.9] for a definition. For
example, given the site of manifolds, the sheaf Ωk(·) assigns to each manifold M its
set of k-forms Ωk(M). Presheaves of sets over C form a category (and sheaves a
subcategory) with arrows given by natural transformations.
⋄ A presheaf of sets P on a site C has a unique sheafification, a sheaf of sets S over
C such that there is a natural transformation α : P → S satisfying the following
universal property: if T is any sheaf of sets over C and β : P → T a natural
transformation, then β factors through α. See [20, Definition 2.63 and Theorem
2.64]. Note this means sheafification is the left adjoint to the inclusion of sheaves of
sets into presheaves of sets.
⋄ Comparison Lemma: Let C be a locally small site, and D a small dense subsite.
Then the restriction functor sending sheaves of sets over C to sheaves of sets over D
is an equivalence of categories. See [10, C2.2.3].
⋄ Given a category C, a category fibered in groupoids (CFG) over C is a functor π :
D → C whose fibers are groupoids, satisfying some conditions; see [20, Definition
3.5]. As an example, let G be a Lie group. Assign to each manifold M the trivial
G-bundle G×M →M . This induces a CFG whose fiber over M is {G×M →M}.
CFGs over C form a 2-category, where an arrow F : (π : D → C) → (π′ : D′ → C)
is a functor from D to D′ such that π′ ◦ F = π, and 2-arrows are given by natural
transformations.
⋄ A stack over a site C is a CFG that satisfies a “descent condition”, which is a 2-
categorical version of the sheaf condition. See [20, Definition 4.6]. An example of
a stack is the CFG whose fiber over a manifold M is the groupoid of principal G-
bundles over M , with bundle isomorphisms as arrows, where G is a Lie group. Stacks
over C form a sub-2-category of CFGs over C.
⋄ Let P : Cop → Set be a presheaf of sets. Then the category of elements of P , denoted
π :
∫
P → C, is a CFG defined as follows. The objects of
∫
P are pairs (x, c) where
c is an object in C and x ∈ P (c), and the arrows f˜ : (x, c) → (x′, c′) are arrows
f : c → c′ in C such that P (f)(c′) = c. Define π to be the obvious projection. Note
that in this case, the resulting CFG is discrete; that is, the arrows in each fiber are
trivial, and so we think of these groupoids as just sets. See [1, page 203] for more
details. It is not hard to show that
∫
is a fully faithful functor from sheaves to CFGs,
known as the Grothendieck construction, sending a map of presheaves to the obvious
map of CFGs. Note that if C is a site and P a sheaf, then π :
∫
P → C is in fact a
stack.
Acknowledgments. The authors would like to thank Eugene Lerman for many discussions
regarding stacks, and introducing us to various categorical notions required to put the entire
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puzzle that is this paper together. The first author would also like to thank Patrick Iglesias-
Zemmour and Yael Karshon for many illuminating diffeological examples, and Pierre Albin
for discussions on the presentation.
2. From Diffeology to Concrete Sheaves
In this section we review the definition of a diffeology, a concrete sheaf, and establish an
equivalence of categories between diffeological spaces and concrete sheaves over manifolds
Corollary 2.10 (see also Remark 2.11). Our main resource for diffeology is the book by
Iglesias-Zemmour [9]. For more details on concrete sheaves, see [3].
Definition 2.1. Let Open be the category of open subsets of Rn for any n and their smooth
maps. Let Man be the category of manifolds. We implicitly realize these categories as sites
with coverages generated by standard open covers.
Definition 2.2 (Diffeological Space). Let X be a set. A parametrization p : U → X is a
function from an open subset U ofOpen. A diffeology D onX is a family of parametrizations
satisfying the following three axioms:
⋄ (Covering Axiom) All constant maps p : U → X are contained in D.
⋄ (Gluing Axiom) If p : U → X is a parametrization such that there exist an open
cover {Uα}α∈A of U and a family {pα : Uα → X}α∈A ⊆ D of parametrizations that
satisfy pα = p|Uα, then p is contained in D.
⋄ (Smooth Compatibility Axiom) If p : U → X is in D and f : V → U is a smooth
map between open sets of Euclidean spaces, then f ∗p = p ◦ f is also contained in D.
The pair (X,D) is called a diffeological space, and the elements of D are called plots.
Definition 2.3 (Smooth Map). Let (X,DX) and (Y,DY ) be diffeological spaces, and let
F : X → Y be a map. Then F is (diffeologically) smooth if for every plot p ∈ DX , the
composition F ◦ p is a plot in DY .
Remark 2.4. Diffeological spaces with smooth maps between them form a category, denoted
by Diffeology. This category is complete and cocomplete [3], and contains the category of
smooth manifolds with smooth maps Man as a full subcategory.
Notation 2.5. For C a site, we will use the symbols PShf(C), Shf(C), CFG(C), and
St(C) to denote the categories of presheaves of sets, sheaves of sets, categories fibered in
groupoids, and stacks over C.
Definition 2.6 (Concrete Sheaves, Definition 4.10 of [3]). Let C be the site Open or
Man. A presheaf P : Cop → Set is concrete at U ∈ C0 if the function sending each element
p ∈ P (U) to the function
p : hom(∗, U) → P (∗) : u 7→ u∗p (1)
is injective. We say that P is a concrete presheaf if it is concrete at each object U . If in
addition P satisfies the sheaf axiom, then we call P a concrete sheaf. We will refer to the
category of concrete sheaves over Open and Man (with natural transformations as arrows)
by CShf(Open) and CShf(Man), respectively.
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Lemma 2.7 (Baez-Hoffnung [3], Lemma 4.14). There is an equivalence of categories
from Diffeology to CShf(Open).
The proof of the following lemma is a straightforward calculation, and so the proof is
omitted.
Lemma 2.8. Let C be the site Open or Man and P : Cop → Set a presheaf. Let U ∈ C0 be
an object of C and {Ui → U} a cover of U . Then if P is concrete at each Ui, it is concrete
at U .
Lemma 2.9 (Concrete Comparison Lemma). There is an equivalence of categories from
CShf(Open) to CShf(Man).
Proof. Recall that the Comparison Lemma tells us that there exists an equivalence of cate-
gories:
Shf(Open)
ext
//
Shf(Man)
res
oo (2)
where ext(S) is the Kan extension of S : Openop → Set against the inclusion of Open into
Man and res(S ′) is the restriction of S ′ : Manop → Set to elements of Open in Man.
Clearly, res takes CShf(Man) to CShf(Open). Since any n-dimensional manifoldM has
an open cover by open subsets of Rn, it follows from Lemma 2.8 that the sheaf S : Manop →
Set must be concrete if res(S) is concrete. So res takes only concrete sheaves of Shf(Man)
to concrete sheaves of Shf(Open). Therefore, since res ◦ ext must take CShf(Open)
to CShf(Open) (concreteness is preserved under isomorphism), it follows that ext takes
CShf(Open) to CShf(Man). Thus the equivalence of categories (Diagram 2) descends to
our desired equivalence between CShf(Open) and CShf(Man). 
Corollary 2.10. There is an equivalence of categories from Diffeology to CShf(Man).
Remark 2.11. The construction of a functor I fromDiffeology toCShf(Man) that is part
of the equivalence in Corollary 2.10 is given as follows. Given a diffeological space (X,D)
and a manifold M of dimension m, define a sheaf I(D) over Man by setting I(D)(M) to
be the set of all maps p : M → X such that there exist an open cover {Uα} of M in which
Uα ⊆ R
m for each α and plots qα : Uα → X in D satisfying p|Uα = qα. This is the concrete
sheaf of manifolds associated to D. A diffeologically smooth map F is sent via I to a map
of sheaves sending a plot p to F ◦ p.
Remark 2.12. The fully faithful embedding of manifolds into diffeologies takes any manifold
M to the diffeological space built on the underlying set of M with plots all smooth maps
from open subsets of Euclidean space to M . So the concrete sheaf I(M) (for I the functor
of the previous remark) is just the sheaf of smooth functions to M : I(M)(N) = C∞(N,M).
Write ι for the composition of the inclusion of the embedding of manifolds into diffeologies
with I. Then, from the definition of the Yoneda embedding y : Man → St(Man), it is
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obvious that the diagram:
CShf(Man)
∫
''❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖
Man
ι
88qqqqqqqqqqq
y
// St(Man)
commutes, where
∫
: CShf(Man) → St(Man) is the Grothendieck construction. Thus, we
may think of
∫
as an extension of the Yoneda embedding.
3. From Concrete Sheaves to Sheaves to Stacks
In this section we begin by reviewing concretization. This is a functor introduced by
Baez and Hoffnung in [3], where they prove that it is left adjoint functor to the inclu-
sion CShf(Man) → Shf(Man). We then define discretization, and show that it is left
adjoint to the Grothendieck construction. These two functors compose to form the func-
tor Coarse. It follows that Coarse is left adjoint to the restricted Grothendieck con-
struction (Theorem 3.12). Moreover, Coarse is co-continuous, taking 2-colimits to colimits
(Theorem 3.14).
Definition 3.1 (Concretization). Let S be a sheaf overMan. Define κ(S) : Manop → Set
to be the presheaf assigning to each manifold M the quotient set S(M)/∼, where p1 ∼ p2
if p1 = p2 (see Equation 1 for a definition of pi). Define the concretization of S, denoted by
κˆ(S) : Manop → Set, to be the sheafification of κ(S).
Lemma 3.2 (Baez-Hoffnung, Lemma 5.20 of [3]). κˆ : Shf(Man) → CShf(Man) is a
left adjoint functor to the inclusion functor CShf(Man) →֒ Shf(Man).
We’ll see below that concretization can have interesting effects, especially on sheaves
coming from differentiable stacks. However, some sheaves of sets are practically destroyed
by the process:
Example 3.3 (κˆ Applied to Ωk). Let Ωk : Manop → Set be the sheaf of differential
k-forms. If k = 0, then κˆ(Ωk) is precisely equal to C∞(−,R), the Yoneda embedding of R
in Shf(Man), or equivalently, I(D) where D is the standard diffeology on R and I is as in
Remark 2.11. If k > 0, then for every manifold M , we have κˆ(Ωk)(M) = {0}. ♦
Definition 3.4 (Discretization). Let X be a stack over Man. Define π0(X ) to be the
assignment to each manifold M the set of isomorphism classes in X (M). This is a presheaf
over Man. Define πˆ0(X ) to be the sheafification of π0(X ). For any manifold M and ξ ∈
X (M), denote by [ξ] the image of the isomorphism class of ξ in πˆ0(X )(M) via the natural
map π0(X )→ πˆ0(X ).
Remark 3.5. In general, sheafification is necessary in the definition of discretization; see
Example 4.6.
Lemma 3.6. πˆ0 : St(Man) → Shf(Man) is left adjoint to the Grothendieck construction∫
: Shf(Man)→ St(Man).
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Remark 3.7. It is already known that
∫
has a left adjoint functor, but this is typically
described in much more generality (see [16] or [1]).
Proof. We will show
∫
: Shf(Man)→ St(Man) has the universal property of a right adjoint.
Fix a stack X ∈ St(Man). Then there exists a natural map of CFGs φX : X →
∫
π0X with
φX (ξ) = [ξ]; that is, the groupoid fibers of X are replaced with the sets of their equivalences
classes, and above each fiber φX is the quotient map.
Now, suppose S : Manop → Set is a sheaf of sets and ψ : X →
∫
S is any map of stacks.
Then, since the fibers of
∫
S are sets, ψ must be constant on isomorphism classes of the
fibers of X . Thus, it readily follows that ψ factors uniquely through φX .
So, since
∫
is fully faithful, the unique map of categories fibered in groupoids ψ¯ :
∫
π0X →∫
S satisfying ψ = ψ¯ ◦φX is equal to
∫
applied to a unique map of presheaves f : π0X → S.
Furthermore, the map f must factor uniquely through the sheafification ηX : π0X → πˆ0X .
In other words, there exists a unique map of sheaves g : πˆ0X → S with f = g ◦ η. Thus,∫
(g) :
∫
πˆ0X →
∫
S is the unique map of stacks such that g ◦ (
∫
(ηX ) ◦ φX ) = ψ.
It follows
∫
: Shf(Man) → St(Man) satisfies the universal property of a right adjoint
with unit of adjunction X 7→
∫
(ηX ) ◦ φX and left adjoint πˆ0.

Remark 3.8. To prove Lemma 3.6, we could simply show the standard adjunction hom-set
isomorphism exists and, while showing that there is a bijection is a bit simpler than what
appears above, showing that there is a natural choice is quite a bit more difficult, and so we
prefer the above method.
Remark 3.9. It is easy to check that π0 : St(Man) → PShf(Man) takes 2-commuting
diagrams in St(Man) to strictly commuting diagrams in PShf(Man). It follows that, by
thinking of Shf(Man) as a 2-category with trivial 2-arrows, we may call πˆ0 a 2-functor.
Definition 3.10 (The Functor Coarse). Define the coarse (2-)functor Coarse : St(Man)→
CShf(Man) as the composition κˆ ◦ πˆ0. For any stack X , we will call the concrete sheaf
Coarse(X ) the diffeological coarse moduli space of X . This nomenclature is justified in
Remark 3.13.
Remark 3.11. We could have defined Coarse more directly without using the composition
of κˆ and πˆ0. Indeed, the sheafification of the presheaf which assigns to a manifold M the
quotient set π0(X )(M)/∼, where ∼ is as defined in Definition 3.1, yields a sheaf isomorphic
to Coarse(X ) for any stack X . The point is that you do not need to sheafify twice. This
said, κˆ and πˆ0 are interesting functors on their own.
Theorem 3.12 (Coarse is a Left Adjunction). The 2-functor Coarse is left adjoint to
the Grothendieck construction restricted to CShf(Man).
Proof. This follows directly from Lemma 3.2 and Lemma 3.6. 
Remark 3.13 (Diffeological Coarse Moduli Space). As noted in Remark 2.12, the
functor
∫
: CShf(Man) → St(Man) is an extension of the Yoneda embedding of manifolds
into stacks and, as shown in Theorem 3.12, the functor Coarse is a left adjoint to this
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extension. Hence, following the nomenclature of Hepworth (see [7, Section 2]), we will call
the image of a stack X under Coarse the diffeological coarse moduli space of X . We avoid
the term coarse moduli space simply because this term should be reserved for objects in the
underlying site of a stack, while Coarse(X ) need not be a manifold in general.
Theorem 3.14 (Coarse is Co-continuous). If a stack X is equal to a 2-colimit colimF
in the 2-category of stacks, then Coarse(X ) is equal to the 1-colimit colim(Coarse ◦ F ).
Proof. As explained in Remark 3.9, Coarse takes 2-commutative diagrams in St(Man) to
strictly commuting diagrams in CShf(Man). Therefore, the 2-cocones used to define colim-
its in St(Man) are sent to cocones in CShf(Man) and a standard proof for co-continuity of
left adjoints may be used (the dual argument can be found here [14, Theorem 1, page 118],
for instance).

Remark 3.15 (Topological Considerations). Before moving on to differentiable stacks,
we make the following note about the topology of the diffeological coarse moduli space. Given
a diffeological space (X,D) the D-topology of X is defined to be the strongest topology on
X such that all plots in D are continuous. That is, A ⊆ X is open if and only if for every
p ∈ D, the set p−1(A) is open in the domain of p.
Now, assume that X is a stack whose diffeological coarse moduli space can be identified
with (X,D). In particular, π0(X (∗)) is identified with the set X. Then A ⊆ π0(X (∗)) = X
is open if and only if for every manifoldM and object ξ ∈ X (M), we have that [ξ]−1(A) ⊆M
is open. Applying the Yoneda embedding y, we have that A is open if and only if for every
manifold M and every map of stacks ϕ : y(M) → X , we have [ϕ]−1(A) ⊆ M is open. This
matches the definition of the underlying space of a stack used by Hepworth in [7, Definition
2.11].
4. Differentiable Stacks
This section assumes that the reader is familiar with Lie groupoids, their actions and
principal bundles, the localization of the category of Lie groupoids and its equivalence to
differentiable stacks over manifolds. Our main resource for this theory is Lerman’s survey on
the topic, [13]. In this section, we show that the quotient diffeology on the orbit space G0/G1
of a Lie groupoid G matches the diffeology associated to Coarse(BG) (Theorem 4.1). Then
in the remainder of the section, we discuss the relationship between principal G-bundles and
plots of the orbit space G0/G1.
Theorem 4.1 (The Orbit Space of a Lie Groupoid). Let X be a differentiable stack.
Let G = (G1⇒G0) be a Lie groupoid representing X (that is, X ∼= BG). Then Coarse(X )
is isomorphic to the concrete sheaf associated to the quotient diffeology on the orbit space
G0/G1 of G.
Remark 4.2. In particular, the above theorem shows that the diffeology associated to the
diffeological coarse moduli space Coarse(X ) is more than just independent of atlas; it is only
dependent on the isomorphism class of stacks in the category of all stacks over manifolds.
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Proof. Since BG is the colimit of the diagram y(G1⇒G0) in St(Man) (where y is the Yoneda
embedding) it follows from Theorem 3.14 and Corollary 2.10 that the diffeological space
associated to Coarse(BG) is isomorphic to G0/G1 equipped with the quotient diffeology,
since this is the colimit of the diagram G1⇒G0 in the category Diffeology. 
Remark 4.3. If X and Y are differentiable stacks, and F : X → Y is a map of stacks
between them, then Coarse(F ) corresponds to a smooth map between the corresponding
quotient diffeologies of representative Lie groupoid orbit spaces. In particular, if X ∼= BG
and Y ∼= BH for Lie groupoids G and H , then Coarse(F ) corresponds to a smooth map
between G0/G1 and H0/H1, both equipped with their quotient diffeologies. If G and H are
Morita equivalent, then F will be an isomorphism of stacks, and Coarse(F ) will correspond
to a diffeomorphism of quotient diffeologies. Similar results appear in [21] and [12], but
purely in the context of groupoids and diffeology.
Let G be a Lie groupoid, and let BG be its corresponding differentiable stack. Given
principal G-bundles P and Q over a manifold B, we have that P and Q are isomorphic
(i.e. G-equivariantly bundle-diffeomorphic) if and only if they represent the same element
in π0(BG)(B). This equivalence no longer holds upon sheafification of π0(BG) to πˆ0(BG)
(see Example 4.6).
Definition 4.4 (Locally Isomorphic Bundles). Let G be a Lie groupoid, and let P and
Q be principal G-bundles over a manifold B. Then P and Q are locally isomorphic if there
exists an open cover {iα : Bα → B} of B such that for each α, the principal G-bundles i
∗
αP
and i∗αQ are isomorphic.
Proposition 4.5 (Discretization for Differentiable Stacks). Let G be a Lie groupoid,
and let P and Q be principal G-bundles over a manifold B. Then, P and Q are locally
isomorphic if and only if [P ] = [Q] in πˆ0(BG)(B).
Proof. P and Q are locally isomorphic if and only if there exists an open cover {iα : Bα → B}
of B such that for each α, there is an isomorphism i∗αP
∼= i∗αQ. This is equivalent to
π0(BG)(i
∗
αP ) = π0(BG)(i
∗
αQ) for each α. By definition of sheafification, this is equivalent
to πˆ0(BG)(P ) = πˆ0(BG)(Q). 
The following example illustrates the difference between π0(BG) and πˆ0(BG).
Example 4.6 (BZ2). Let X be the differentiable stack BZ2, where Z2 = Z/2Z. Then
BZ2(S
1) contains two isomorphism classes of bundles: one represented by the trivial Z2-
bundle which we denote by P , and the other represented by the boundary of the Möbius
band which we denote by Q. While P and Q do not represent the same elements in π0(BG),
by Proposition 4.5 we know that [P ] = [Q] in πˆ0(BG). ♦
Remark 4.7. The above example is not unique; given any Lie group Γ, since the stack BΓ
is a gerbe, it follows that the fibers of πˆ0(BΓ) are all singleton sets.
Now, given a Lie groupoid G, and two principal G-bundles P and Q, we give conditions
under which [P ] and [Q] yield the same objects after applying the functor κ to πˆ0(BG). Of
course, [P ] = [Q] does not imply [P ] = [Q], as illustrated in Example 4.12.
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Definition 4.8 (Fiberwise Isomorphic Bundles). Let G be a Lie groupoid, and let
ρP : P → B and ρQ : Q→ B be principal G-bundles over a manifold B. Then P and Q are
fiberwise isomorphic if for every b ∈ B, there exists a G-equivariant diffeomorphism from
ρ−1P (b) to ρ
−1
Q (b).
Proposition 4.9 (κ and Differentiable Stacks). Let G be a Lie groupoid, and let B be
a manifold. Let ρP : P → B and ρQ : Q → B be principal G-bundles over B. Then, P
and Q are fiberwise isomorphic if and only if P and Q descend to the same elements in
κ(πˆ0(BG))(B).
Remark 4.10. Unlike the case of discetization, we do not need to sheafify in order to obtain
this result, though the proposition applies equally well to elements of the sheafification
κˆ(πˆ0(BG)). Indeed, it follows from [3, Lemma 5.21] (which states that concrete presheaves
are separated) that for any presheaf P and manifold M , sheafification induces an injection
κ(P )(M) → κˆ(P )(M). We do not know, however, if this is a bijection in general.
Proof. P and Q descend to the same elements of κ(πˆ0(BG))(B) if and only if [P ] and [Q]
are the same. But this is equivalent to [b∗P ] = [b∗Q] for each b ∈ B. That is, for each b ∈ B,
there is a G-equivariant diffeomorphism between b∗P and b∗Q. But these two objects are
exactly the fibers ρ−1P (b) and ρ
−1
Q (b), respectively. 
The following corollary follows from the definition of Coarse, Propositions 4.5 and 4.9,
and Remark 4.10.
Corollary 4.11 (Coarse Applied to a Differentiable Stack). Let G be a Lie groupoid,
and let B be a manifold. Let P and Q be principal G-bundles over B. Then P and Q are
fiberwise isomorphic if and only if they represent the same object in Coarse(BG)(B).
Example 4.12 (Reflection in R). Let G be the action groupoid (Z2×R)⇒R obtained from
the action of Z2 on R sending (±1, x) to ±x. Consider the following two plots p1 : R → R
and p2 : R→ R.
p1(τ) =


−e−1/τ
2
if τ < 0,
0 if τ = 0,
e−1/τ
2
if τ > 0,
p2(τ) =
{
−e−1/τ
2
if τ 6= 0,
0 if τ = 0.
Then, calculating the pullback bundles Pi := p
∗
i t (i = 1, 2), where t : G1 → G0 is the unit
bundle, we have
P1 = {(τ, a, x) ∈ R× Z2 × R | p1(τ) = a · x}
= {(τ, 1,−e−1/τ
2
) | τ < 0} ∪ {(0,±1, 0)} ∪ {(τ, 1, e−1/τ
2
) | τ > 0}
∪ {(τ,−1, e−1/τ
2
) | τ < 0} ∪ {(τ,−1,−e−1/τ
2
) | τ > 0},
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and similarly,
P2 = {(τ, 1,−e
−1/τ2) | τ < 0} ∪ {(0,±1, 0)} ∪ {(τ, 1,−e−1/τ
2
) | τ > 0}
∪ {(τ,−1, e−1/τ
2
) | τ < 0} ∪ {(τ,−1, e−1/τ
2
) | τ > 0}.
If φ : P1 → P2 is a bundle-diffeomorphism, then in particular it must send τ to τ ; that is, φ
must fix the first argument of each triple in P1. Now, the anchor map αi : Pi → R is just the
projection to the third argument of each triple, and so if φ is also equivariant, then it must
fix the third argument of each triple in P1. Thus, φ must be the identity map when restricted
to fibers for which t < 0, and it is switches connected components of the fibers for t > 0.
Hence, φ cannot be continuous at t = 0, and so we conclude that there is no equivariant
diffeomorphism of bundles; in fact, not even a local one exists. However, it is clear that
the fibers of P1 and P2 are equivariantly diffeomorphic, and so by Proposition 4.9 we have
[P1] = [P2]. This corresponds to the fact that πG ◦ p1 = πG ◦ p2 where πG : G0 → G0/G1 is
the quotient map (see Proposition 4.13). ♦
In light of Remark 2.11, we show in the following proposition how elements ofCoarse(BG)
and plots of the corresponding diffeology are related.
Proposition 4.13 (From Principal Bundles to Plots). Let G be a Lie groupoid, and
let ρ : P → B be a principal G-bundle, where B is an open subset of some Euclidean space.
Then, P induces a plot p : B → G0/G1 defined as
p(b) = πG ◦ α ◦ σ(b)
where πG : G0 → G0/G1 is the quotient map, α : P → G0 is the anchor map, and σ is a
local section of ρ about b. Moreover, every plot in the quotient diffeology locally arises in this
way. In particular, π0(BG(∗)) is in bijection with the underlying set of G0/G1.
Remark 4.14. The last statement is already known, but is crucial to understanding the
diffeological coarse moduli space of a differentiable stack from the standpoint of diffeology,
and so is worth mentioning. Also, if B is a manifold, but not an open subset of some
Euclidean space, then the proposition still holds where p is no longer a plot, but is contained
in I(D)(B) where D is the quotient diffeology on G0/G1 and I is as given in Remark 2.11.
Proof. Since ρ is a surjective submersion, local sections of ρ exist. Assume that σ and σ′
are two local sections of ρ about b. Then, there exists g ∈ G1 such that σ(b) · g = σ
′(b).
Thus, α(σ(b)) and α(σ′(b)) lie in the same G-orbit, and so descend to the same point via
πG. Thus, p is independent of the local section chosen, and so is well-defined. Moreover, p is
diffeologically smooth, and so is a plot. To show that p and [P ] are the same, consider the
bundle b∗P , which is the fiber of P over b. The anchor map restricted to b∗P has an image
contained in exactly one G-orbit of G0, which by definition of G0/G1 is exactly p(b). But
[b∗P ] = [P ](b), and this proves the claim.
On the other hand, given any plot p : U → G0/G1 in the quotient diffeology, there exist an
open cover {Uα} of U and a family {qα : Uα → G0} of smooth maps such that p|Uα = πG ◦qα.
Taking the pullback bundles q∗α(t : G1 → G0) of the unit bundle proves the claim. 
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5. Differential Forms
In this section we give a notion of differential form on a stack. In the case of a differentiable
stack, it coincides with basic forms of a Lie groupoid representative (see Proposition 5.5).
In the case of a stack equal to
∫
applied to a concrete sheaf, the definition matches that for
a corresponding diffeological space (see Remark 5.4). It turns out that this definition only
depends on the discretization of the stack, and in the case that the stack is differentiable and
represented by a specific type of Lie groupoid, it only depends on the underlying diffeological
coarse moduli space (see Theorem 5.6). It remains an open question whether this dependence
on the diffeological coarse moduli space holds for all stacks.
Definition 5.1 (Differential Forms). Let Ωk : Manop → Set be the sheaf of differential
k-forms over manifolds. Then, for a sheaf S : Manop → Set, we will define a differential
k-form as a map of sheaves α : S → Ωk. Define Ωk(S) := homShf(Man)(S,Ω
k). Similarly, for
a stack X , define a k-form to be a map β : X →
∫
Ωk and let Ωk(X ) := homSt(Man)(X ,
∫
Ωk).
Note that Ωk(X ) is discrete, and thus we may think of Ωk(X )(M) as a set for any manifold
M .
Remark 5.2. To conveniently tie forms in with our discussion in this paper, we will suppress
the vector space structure of each Ωk(M) and regard them only as sets. In general, of course,
Ωk is a sheaf of vector spaces and the sets of morphisms Ωk(S) and Ωk(X ) both inherit the
structure of vector spaces as well.
Definition 5.3 (Differential Forms in Diffeology, see Article 6.28 of [9]). A differ-
ential k-form α on a diffeological space (X,DX) is an assignment to each plot p : U → X
in DX a differential form α(p) ∈ Ω
k(U) satisfying the following compatibility condition: if
f : V → U is a smooth map between open subsets of Euclidean spaces, then α(p◦f) = f ∗α(p).
Remark 5.4. When considering a diffeological space (X,D) as a concrete sheaf I(D) :
Manop → Set, this definition says precisely that a differential k-form for a diffeological
space is a map of sheaves α : I(D) → Ωk. So our definitions for differential forms are
coherent.
Proposition 5.5 (Basic Forms of a Lie Groupoid). Let G = (G1⇒G0) be a Lie groupoid.
Then an atlas θ : y(G0) → BG (where y is the Yoneda embedding of Man into St(Man))
induces a bijection from Ωk(BG) to basic k-forms on G0; that is, differential k-forms µ such
that s∗µ = t∗µ where s and t are the source and target maps of G, respectively.
Proof. Let α ∈ Ωk(BG), and let θ : y(G0) → BG be an atlas. Then since BG is the colimit
of the diagram y(G1⇒G0) we have
α ◦ θ ◦ y(s) = α ◦ θ ◦ y(t).
Thus, α ◦ θ corresponds to a basic differential form on G0.
In the other direction, any basic form µ on G0 induces a map of stacks µ˜ : y(G0) →
∫
Ωk
such that
µ˜ ◦ y(s) = µ˜ ◦ y(t).
By the universal property of colimits, we have a unique map µ′ : BG →
∫
Ωk such that
µ˜ = µ′ ◦ θ. 
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Theorem 5.6 (Differential Forms and Coarse). Let X be a stack. Then, pre-composition
with πˆ0 induces a bijection between Ω
k(X ) and Ωk(
∫
πˆ0(X )), and pre-composition with
Coarse induces an injection from Ωk(
∫
Coarse(X )) to Ωk(X ). Moreover, if G is
(1) a finite-dimensional, Hausdorff, paracompact, proper Lie groupoid, or
(2) the action groupoid of a Lie group on a manifold whose identity component acts
properly,
then the injection from Ωk(
∫
Coarse(BG)) to Ωk(BG) is in fact a bijection.
Proof. The first claim is immediate from the fact that the Grothendieck construction is a
fully faithful functor, along with Lemma 3.6. The second claim follows from the fact that any
differential form α : Coarse(X ) →
∫
Ωk is completely determined by it values on elements
of the form [ξ] where ξ are objects in X . Finally, the last claim follows from Lemma 2.7,
Remark 5.4, and [21] in the case of Item 1 or [11] in the case of Item 2. 
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